
Darmstadt, March 2018

Stellar Evolution Lecture week

Raphael Hirschi

Problem Sheet 1

1. Starting from the equation of the mass conservation in spherical symmetry and the fact
that

g⃗ = −∇V = −GMr

r2
r̂,

where V is the gravitational potential, re-derive the Poisson equation in spherical coordi-
nate: ∆V = 4πGρ.

[In spherical coordinates, the second derivative of a scalar field, A,

∆A = ∂2A
∂r2

= 1
r2

∂
∂r
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2. In spherical symmetry, The change of mass, Mr, in a sphere of radius, r, considering gas
motion (vr in spherical coordinates) is:

dMr(r, t) = (4πr2ρ) dr − (4πr2ρvr) dt (1)

Knowing that the second crossed derivatives of a function f(x, y) are equal: ∂2f
∂x∂y =

∂2f
∂y∂x ,

re-derive the continuity equation: ∂ρ
∂t +∇ρv⃗ = 0.

[In spherical coordinates, the divergence of a vector field u⃗, ∇u⃗ = 1
r2

∂
∂r
(r2ur)+ 1

rsinθ
∂
∂θ (uθ sinθ)+

1
rsinθ

∂
∂φ
(uφ) ]

3. Show that the dynamical timescale is also equal to τ = R
cs

, where cs is the speed of sound

and is given by cs =
√
(dPdρ )ad. [Ignore gravity in the equation of motion].

4. Show that the following relation holds between the gravitational potential V and the
gravitational energy, Ω:

Ω = 1

2
∫

M

0
V dMr

[−Ω = G ∫ M0
MrdMr

r ]

5. Show that the total potential energy for a spherical star with constant density is:

Ω = −qGM
2

R
,

and find the value of q.

6. (a) Estimate the fraction of the mass of protons that is converted to energy during hy-
drogen burning.



(b) Considering that 10% of the mass of the Sun takes part in nuclear fusion, establish a
formula for the nuclear lifetime of hydrogen burning for the Sun.

(c) Repeat part (a) for helium and carbon burning. How does this impact the lifetime
of these burning stages compared to hydrogen burning. Discuss the implications.

7. (a) Using the mass-luminosity relation, establish a formula for the lifetime of a star of
mass, M > 1M⊙ relative to the lifetime of the Sun. Apply your formula to stars 10
and 100 times the mass of the Sun. Discuss your answers.

(b) Calculate the dynamical and KH timescales for stars of 1, 10 and 100M⊙.

(c) The mass-luminosity relationship is actually almost linear above 20M⊙. Discuss how
this changes your results.

The end.


